by the ion inside the sphere pushes the energy levels towards continuum. Critical pressures for the transition to strong confinement regime (where the singly excited two-electron energy levels cross the corresponding one-electron threshold) as well as for the complete destabilization are also estimated.
Introduction
Studies on the broad subject area of confined atomic systems have been started soon after the advent of quantum mechanics. A paradigm shift in the facility for doing controlled experiment on confined atom and modern high-speed computational resource opens up a new horizon for this subject. The modification of the structural and spectral properties of the atom or the molecule depending upon the number and degree of confining parameters is the interesting aspect of the problem both theoretically and experimentally. Comprehensive reviews [1] [2] [3] are now available on this topic. Theoretically, different types of confinement model can be realized depending on different physical situations e.g. atoms under plasma environment [4, 5] , endohedrally confined atoms and molecules in fullerene cages [6] , impurities in quantum dots or nano crystals [7, 8] , matter under extreme pressure in zeolite sieves [9] or in the walls of nuclear reactors [10] etc. Moreover the confined atom models assume contemporary significance in understanding the cores of Jovian planets such as Jupiter and Saturn [11] . Vast applicability of the outcomes from such studies in different branches of science and technology makes the subject a topic of immense interest in the recent times.
Hydrogen atom confined in impenetrable spherical cavity was first studied by Michels et al. [12] to model the effects of pressure on its energy and polarizability. Subsequently, many workers [13] [14] [15] [16] [17] [18] [19] have addressed this problem from different angles to develop a comprehensive understanding about such confined systems. Helium atom confined by such spherical cavity is a much complicated numerical problem as compared to the hydrogen-like ions for obvious reasons. For ions having two or more electrons, the effect of electron correlation plays an important role in the structure of the wavefunctions and energy levels. This effect also undergoes some modifications inside the confinement and it is extremely necessary to adopt an appropriate methodology so that the correlation is properly taken care of. In order to achieve high numerical accuracy in structure calculations of helium-like systems in non-relativistic regime, it is well known that the trial wave function should be expanded in Hylleraas type basis set (an explicit function of inter-electronic distance r 12 ) consistent with the Dirichlet's boundary condition and the basis integrals are to be evaluated within a finite domain to incorporate the effect of impenetrable confinement. Recently Bhattacharyya et al. [5, 20] solve the integral analytically in such a way that the problem of linear dependency for larger dimension is clearly avoided even for very strong confinement regime. As a result, the correlated Hylleraas basis set becomes flexible for a complete range of confining parameters and produces accurate energy levels for helium-like ions. Although there exists several investigations [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] on the series of 1 S e states of helium-like systems, the progress of studies on the series of 3 S e states of the same are rather scanty [26, 27, [29] [30] [31] [32] [33] . To be specific, Patil and Varshni [31] first estimated the energy values of 1s2s ( 3 S e ) state of helium under the perturbative framework with a simple single-term uncorrelated wavefunction satisfying proper boundary condition for R −→ ∞ and the electron-electron interaction was replaced by an effective screening of the nuclear charge. Banerjee et al. [26] term generalized Hylleraas function in the framework of Ritz variational technique as well as with perturbative method for 1s2s ( 3 S e ) state of helium to show that the Hylleraas function under variational method produces much accurate results for the energy levels compared to the perturbative method. It is to mention that due to the presence of e −γr 12 factor in the generalized Hylleraas basis, the solution of the generalized eigenvalue equation within a finite domain becomes extremely difficult for larger dimensions due to linear dependency problems. Yakkar et al. [32] carried out the estimations of energy levels of box confined helium-like atoms (Z = 1 − 4) using a combination of quantum genetic algorithm (QGA) and Hartree-Fock Roothaan (HFR) method. They have used uncorrelated two-electron wavefunction and thus the estimated energy values are less accurate as compared to other results [27, 29] . Montogomery and Pupyshev [30] expanded the wavefunction in the permetric Hylleraas coordinates to estimate the energy values of 1sns ( 3 S e ) states (n = 2 − 5) of helium and in a very recent work [33] they estimated the energy levels of 1s2s and 1s3s states of helium and lithium for few large box radius values. It is thus to be noted that none of these works are aimed at precise determination of the energy values for the strong confinement region i.e. small values of the box radius. As a result the accurate value of the ionization radius is missing. Thus a systematic analysis of energy levels for 3 S e states of helium-like ions with accurate extended explicitly correlated Hylleraas basis function is a need of time.
In the present work, we have performed a systematic computation to determine the accurate nonrelativistic energy levels of 1sns [n = 2 − 4] ( 3 S e ) states of helium-like atoms [Z = 2 − 5] inside an impenetrable spherical cavity of radius R. Accuracy of the estimated energy eigenvalues have been tested by studying the convergence pattern of the eigen energies with respect to a systematic increment in the number of terms (N ) in the basis sets. The effect of spatial confinement on these energy levels have been studied by varying the confinement radius (R). The energy values gradually become positive as R decreases. Due to spatial restriction imposed upon the wave function, the ion inside the cavity will feel a pressure which increases with decrease of R. The critical thermodynamic pressure (P c ) have been estimated at the destabilization limit of the two-electron ion inside the impenetrable cavity of critical radius (R c ). We have made further analysis of the results in combination with the energy values of 1sns
[n = 1 − 4] ( 1 S e ) states of the same ions [20] under consideration. 'Incidental degeneracy' [5, 34, 35] and subsequent 'level-crossing' phenomenon between the excited singlet and triplet S−states originating from the same electronic configuration have been observed. In order to estimate the variation of ionization potential (IP) and the ionization potential depression (IPD) as a function of R, we have also calculated the energy eigenvalues of ns ( 2 S) [n = 1 − 2] and 2p ( 2 P ) states of the H-like sub-systems of the twoelectron ions. We note that as R decreases, both the two-electron excited states as well as the respective one-electron threshold move towards destabilization which result in reduction of IP. It is remarkable that below a certain value of R, the two-electron energy levels move above the respective one-electron threshold and become quasibound. We have made an effort to calculate the amount of pressure at which the 1sns( 1 S e )[n = 1 − 4] states and 1sn ′ s [n = 2 − 4] ( 3 S e ) states of two-electron ions [Z = 2 − 5] when the system goes to high confinement region and become quasibound. The remaining part of the article is organized in the following manner: in Section 2, we describe the present theoretical technique; Section 3 is devoted to the discussion of the results and finally, the conclusion is given in Section 4.
Method
The non-relativistic Hamiltonian (in a.u.) of a spatially confined two-electron ion can be written as
Here Z is the nuclear charge and we assume that the atom/ion is placed at the center of an impenetrable spherical cavity of radius R where the nature of the potential V R (r 1 , r 2 ) is expressed as
The structure of the potential as given by equation (2) imposes a spatial restriction on the system, and therefore, can be used to model the confinement due to pressure. The orbital wave function Ψ satisfies the boundary condition
The Schrodinger equation HΨ = EΨ is to be solved to obtain the energy eigenvalues where the wave function is subject to the normalization condition Ψ|Ψ = 1 within the sphere.
Exploiting the translational and rotational invariance of the two-electron Hamiltonian (eqn. 
For a 'free' system, where no external environment affects the atom/ion, the upper limit of integration for r 1 and r 2 is infinity whereas, in the present case, the upper limit is R. The upper and lower limits of integration for r 12 are (r 1 + r 2 ) and |r 1 − r 2 |, respectively. The volume element is expressed as dV r 1 ,r 2 ,r 12 = r 1 r 2 r 12 dr 1 dr 2 dr 12
The correlated function must be consistent with the boundary condition given by eq. (3) and can be written as
with
l≥0 m≥0 n≥0
P 12 is the permutation operator for two electrons. The upper sign in the r.h.s. of eq. (7) is taken for singlet states whereas the lower sign is for triplet states. σ 1 and σ 2 are the nonlinear parameters taking care of the effect of radial correlation in the wave function whereas the angular correlation effect is incorporated through different powers of r 12 . The total number of parameters (N ) in the basis set is defined as the total number of different (l, m, n) sets (eq. 7) taken in the expansion of F (r 1 , r 2 , r 12 ). We have used the Nelder-Mead algorithm [37] to optimize the nonlinear parameters i.e. σ's in eq. (7). The linear variational parameters i.e. C lmn 's along with the energy eigenvalues E are obtained by solving the generalized eigenvalue equation
where H is the Hamiltonian matrix, S is the overlap matrix and C is the column matrix consisting of linear variational parameters. The wave function is normalized for each confining radius R to account for the reorientation of charge distribution inside the sphere. All computations are carried out in quadruple precision to ensure numerical accuracy for extended Hylleraas basis sets within a finite domain.
The variational equation for nl ( 2 L) states of one electron ion within a cavity of radius R can be written
where, the one-particle effective potential V R (r) is taken from eq. (2). The radial function f (r) is given by
where k = 0 and 1 for 2 S and 2 P states respectively. In this calculation, we have taken 21 different nonlinear parameters (ρ i 's) in a geometrical sequence ρ i = ρ i−1 γ, γ being the geometrical ratio [5] .
Such choice of non-linear parameters enables us to cover the full region of space in a flexible manner by adjusting γ. The energy values E's and linear co-efficients C i 's are determined from eq. (8).
The truncation of wavefunction at a finite distance (eq. 3) imposes a thermodynamic pressure upon the ions inside the sphere which increases with decrease of R. We have calculated the pressure felt by the helium-like ions inside the sphere by using the first law of thermodynamics. Under an adiabatic approximation, the pressure (P ) inside the impenetrable cavity can be expressed as [5, 20] 
where E R is the ground state energy of the ion inside the sphere of radius R. In the present calculation,
we have taken △R = 1.0×10 −5 and calculated the corresponding △E R around a particular R to calculate the pressure inside the cavity.
Results and discussions
The expansion length N = l + m + n (in eq. 7) of the Hylleraas basis set is varied in a systematic fashion to study the convergence pattern of the energy eigenvalues of 1sns ( 3 S e ) [n = 2 − 4] states of helium-like ions (Z = 2 − 5) for each value of the confinement radius R up to the limit of destabilization.
The results for such convergence behavior are demonstrated in table 1 where the energy values of 1s2s ( 3 S e ) state of helium corresponding to different confining radii (R) are given. Table 1 shows that the expansion length of the wavefunction up to N = 161 satisfying l + m + n = 10 is sufficient to converge the energy eigenvalues at least up to the eighth decimal place. We have obtained a similar convergence pattern for all the other ions also. However, for higher excited states, we observe slow convergence and, therefore, in subsequent tables, we have given the energy values up to sixth decimal place only. It is important to mention here that the present 1s2s ( 3 S e ) state energy value of the compressed helium atom converges up to the eighth decimal place for the confinement radius near the destabilization limit. The above observation ensures that the present method can deal with extended correlated basis sets to yield sufficiently accurate energy values within the complete range of finite spherical confinement. With this expansion length, we have estimated the energy values of singly excited 1s2s and 1s3s ( 3 S e ) states for the ions having Z = 2 − 5.
The electron correlation contributes directly to the energy values of two-electron ions and, therefore, is extremely important for the accuracy of such structure calculations. The present methodology enables us to quantify the contribution of angular correlation on the energies of two-electron ions. In order to asses the contribution of angular correlation to the energy of the lowest lying triplet 1s2s state of helium,
we have estimated the energy eigenvalues (E unco ) with no r 12 terms in the basis i.e. by setting n = 0 in eq. (7) to form an uncorrelated basis. Subsequently, we have estimated the percentage contribution of angular correlation to the energy as f = ∆E E × 100% (where, ∆E = E − E unco ) for different values of R and plotted in figure-1. It is evident from figure-1 that f increases in a rapid rate w.r.t. R near the destabilization region. To be specific, f = 0.04% for R = 100 a.u. and finally it reaches a value of 3.62% for R = 2.18 a.u. i.e. close to the destabilization limit of the 1s2s( 3 S e ) state of helium. We have noted that this feature is consistent for other two-electron ions also and thus clearly reveals the importance of considering angular correlation in the basis. Table 2 furnishes a consolidated view of the 1sns ( 3 S e ) [n = 2 − 4] state energies of He within a spherical box of different radii whose range is appropriately chosen to yield the energies of the 'free' system as well as those approaching the destabilization limit. We observe that the energy of the confined helium atom in 1s2s ( 3 S e ) state is almost unaltered and equal to the 'free' system when the radius is 20.0 a.u. or more. The effect of the confinement starts to become prominent when the radius is further reduced.
For higher excited states like 1s3s and 1s4s ( 3 S e ) states, the confinement effect becomes prominent at a higher value of R. The results have been compared with currently available data [26, [29] [30] [31] [32] . In general, for each excited state at each radius of confinement, the present energy values are either the lowest yet obtained or exactly the same as the available results. The energies of spherically confined Li + , Be 2+ and B 3+ ions in 1sns ( 3 S e ) (n = 2 − 4) states as displayed in tables 3 − 5 respectively are being reported for the first time in literature.
It is evident from tables 2 − 5 that as the radius (R) of the impenetrable cavity decreases, the ions become less bound and thus the number of excited states gradually decreases. For example, the 1s4s ( 3 S e ) state destabilizes below 5.1 a.u. whereas the 1s2s and 1s3s ( 3 S e ) state survive till R = 3.6 and 2.18 a.u. respectively. The variation of energy eigenvalues of 1sns ( 3 S e ) [n = 2 − 4] states of He w.r.t.
the confining radii (R) is depicted in figure-2(a) . It is evident from figure-2(a) that the energy values remain almost unaltered for a range of R and below that, rapidly approaches towards the destabilization limit producing a 'knee' around some particular value of R which increases for higher excited states.
This 'knee' clearly shows the region of R from where the effect of confinement becomes crucial. Similar feature is observed for all other ions also. A zoomed view of figure-2(a) near the strong confinement (i.e. small R) region is given in figure-2(b) . We have plotted the energies of 1s2s ( 3 S e ) states of all the ions (Z = 2 − 5) in figure-3(a) and a zoomed view of the destabilization region in figure-3(b) and observe general consistency. The ion with greater nuclear charge survives to a lower value of the confining radius (R). It is also evident that for the respective H-like ions, the 2s state is fragmented much before 1s with the decrease of R.
Ionization potential (IP) for 1sns ( 3 S e ) state of a two-electron ion may be defined as the amount of energy required to ionize the outer electron from the 1sns ( 3 S e ) state. We can calculate the IP for 1sns ( 3 S e ) state by taking the difference of the two-electron energy level and the corresponding one-electron energy level (1s). With decrease of R, all the energy levels are modified and hence, IP changes w.r.t. R. It is observed from tables 2 − 5 for all the ions that with decrease of R, IP decreases and below certain value of R, the two-electron energy levels move above the one-electron threshold. Ionization potential depression (IPD) may be estimated from the difference of IP's within and without (i.e. free case) the impenetrable confinement. In figure-4 , we have plotted the IP and IPD for He in 1s2s ( 3 S e ) state as a function of R.
One of the most interesting features of the atomic systems confined under different potentials is the evolution of quasi-bound states [38] . These states are structurally similar with the discrete two-electron bound states but are found embedded in the one-electron continuum. Such states have also been observed experimentally [39] . For a two-electron ion, the ground state and all singly excited energy levels, in general, lie below the first ionization threshold. Tables 2-5 show that for high values 'R' (i.e. almost 'free' system), this feature is maintained for all the ions. As R decreases, all singly excited states of two-electron ions become less bound more rapidly than the respective one-electron ion and as a result, the two-electron energy levels move above the one-electron threshold at some particular value of R to become quasi-bound. For a better understanding, the energy level diagrams of helium for R = 40.0 a.u. and R = 10 a.u. are given in figure-5(a) and 5(b) respectively. We observe that, for R = 40.0 a.u., the singly excited 1sns [n = 2 − 4] ( 3 S e ) energy levels of helium lie below the He + (1s) level. For R = 10.0 a.u., 1s3s and 1s4s ( 3 S e ) states of helium move above the 1s threshold and lie below 2s threshold. Thus both the 1s3s and 1s4s ( 3 S e ) levels can now (at R = 10.0a.u.) be categorized as quasi-bound states.
In this quasi-bound situation, it seems as if the inner electron quantum number of the singly excited two-electron state has been changed from 1 to 2. At R < 3.0 a.u. we observe well-converged energy level of 1s2s ( 3 S e ) state of helium lying above He + (1s) threshold and no upper one-electron continuum exists as both the levels 2s and 2p of He + are destabilized. Similar feature is obtained for other ions also.
For a 'free' two-electron ion, the 1s2s ( 3 S e ) state is energetically more negative than the 1s2s ( 1 S e ) state.
For example, the 1s2s ( 3 S e ) level of He lies below 1s2s ( 1 S e ) level [20] for the whole range of R and the corresponding variations are given in figure-6(a) . We have plotted a similar comparative diagram in figure-6(b) for singlet and triplet S -states origination from 1s3s configuration of He. It is interesting to note that, although 1s3s-triplet level of He lies below the singlet level for large confinement radius, the gap between them gradually decreases as R decreases. It is seen in figure-6(b) that, below some value of R (< 4.0 a.u.), a 'level crossing' phenomenon takes place i.e. 1s3s ( 3 S e ) state moves above the 1s3s ( 1 S e ) level. Ultimately the triplet 1s3s state of helium destabilizes at R = 3.6 a.u. whereas the singlet 1s3s state survives down to R = 3.208 a.u. These results show that an 'incidental degeneracy' has taken place for 1s3s ( 3 S e ) and 1s3s ( 1 S e ) states of He around R ∼ 4.0 a.u. and then the 'level crossing' occurs between two states of same electronic configuration and total angular momentum but having different spin multiplicity. Similarly, for 1s4s ( 3 S e ) and 1s4s ( 1 S e ) states of He, incidental degeneracy and subsequent level crossing are observed at a value of R lying somewhere between 5.5 and 6.5 a.u.
The phenomenon of incidental degeneracy was reported in case of shell-confined hydrogen atom by Sen [34] . More recently, Dutta et al. [35] and Bhattacharyya et al. [5] have noted such phenomenon in case of slowly moving hydrogen-like ion in quantum plasma and in case of two-electron ions embedded in strongly coupled plasma respectively where two initially non-degenerate states are brought to a same energy level by adjusting external parameters.
In Coulomb potential, the hydrogen-like ions are expected to show degenerate energy levels for all l-values corresponding to a particular principal quantum number n. The present work observes the removal of this l-degeneracy when the whole system is subjected to a confinement although the potential inside the sphere is purely Coulombic. We can see from table-2 that, for He + ion, the 2s and 2p energy levels are at the same level of −0.5 a.u. for high values of confining radius R, i.e. from from R = 100.0 a.u. to 20.0 a.u. Evidently, the one-electron ion He + behaves almost like a 'free' ion within this range of R. When R decreases to 15.0 a.u. or below, the energy values of 2s and 2p levels become more positive, but in a different rate and hence, the l-degeneracy is lifted. The 2s levels becomes positive more rapidly than the 2p level as R decreases. The role of confinement in the removal of l-degeneracy in a similar fashion is observed for other hydrogen-like ions also and the results are given in tables 3 − 5.
As a result of the truncation of the wave function at a finite distance due to the confinement, the ions inside the impenetrable sphere experience a thermodynamic pressure. This pressure is actually responsible for modification of different structural properties of two-electron ions such as crossing of one-electron ionization threshold and evolution of quasi bound states, destabilization of the three-body system at high confinement etc. We have made an effort to calculate the value of confinement radius (R th ) and corresponding pressure (P th ) when the energy level of a two-electron ion crosses the first ionization threshold as well as the 'critical' radius (R c ) and pressure (P c ) near the destabilization region experienced by the ions under consideration for both singlet and triplet states upto 1s4s configuration by using eq.
(11). The results are displayed in tables 6 and 7 respectively. It is to mention that the thermodynamic pressure can be calculated by using eq. (11) only when the system is in the ground state. For higher excited states, this relation does not hold as the equilibrium criteria is not satisfied because of finite lifetimes of such states. However, we can assume that the amount of pressure would be same for all the states at a particular value of the confinement radius. Therefore, the pressure felt by an ion in an excited state for a particular value of R can be estimated by calculating the energy gradient of the ground state 1s 2 ( 1 S e ) w.r.t. R around the same vale of R and then by applying eq. (11) . For example, the 1s2s ( 1 S e ) state of helium moves above the N = 1 ionization threshold of He + when the confinement radius (R th ) is 5.33 a.u. We calculate the energy gradient of 1s 2 ( 1 S e ) state of helium w.r.t. R around R = 5.33 a.u. and get the pressure (P th ) for 1s2s ( 1 S e ) state of helium from eq. (11) . In a similar fashion, all other pressures for different states crossing the first ionization threshold and for destabilization of different three-body ions have been calculated. However, for 1s4s ( 1,3 S e ) states, the crossing of the ionization threshold occurs at a very high radius. As a consequence, the ground state energy at this high radius is almost equal to the 'unrestricted' ion and therefore, the energy gradient is almost zero and calculation of pressure is extremely difficult. This study reveals that highly excited states of two-electron ions becomes quasi-bound even at a very feeble confinement.
For the sake of completeness of the study, we have also studied the behavior of 1s2s( 1,3 S e ) states of H − ion (Z = 1). It is well known that there is only one bound state (i.e. 1s 2 ) of a 'free' H − ion below the first ionization threshold. It is remarkable that both the singlet and triplet states of H − ion are found to exist in presence of pressure confinement which is consistent with Ref. [33] . The variation of energy eigenvalues of 1s2s( 1,3 S e ) states of H − ion within pressure confinement are depicted in figure-7.
It is seen that the triplet state lies energetically below the singlet state. Both the states move towards destabilization as 'R' decreases and the triplet state survives up to a smaller value of 'R' than the singlet state. This feature is similar to the 1s2s( 1,3 S e ) states of other ions considered here as can be seen from figure-6(a).
Conclusion
The energy levels of atoms under high pressure generated due to spatial confinement can be studied effectively using the variational method with Hylleraas basis sets yielding very consistent and highly accurate atomic data under confinement. The methodology is extendable to study atomic structure under confinement with different internal potentials. Application of this methodology to study the transition properties of atoms under spatial confinements is likely to be an interesting problem for future investigations. Table 1 : Convergence of energy values (−E a.u.) of the 1s2s ( 3 S e ) state of helium with respect to number of terms (N) in wave function within the impenetrable spherical cavity of radius R a.u. 
